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WILLIAM B. ROBINSON

ABSTRACT. It is shown that for any Kothe space A, A-nuclearity coincides
with pseudo-A « Ax-nuclearity. More particular results, including a Grothendieck-
Pietsch criterion for A-nuclearity of sequence spaces, are given for Kothe spaces
which are regular.

There has been considerable activity in recent years centered upon the gen-
eralizations of the concept of nuclearity which are obtained by exchanging the
sequence space I, for other sequence spaces A. In one direction, Pietsch and
Persson make use of the Ip-spaces [11] and in another direction, Brudovskii uses
the space (s) of rapidly decreasing sequences [2], which was followed by
Ramanujan with the spaces A_(a) [13].

In their Memoir [6], Dubinsky and Ramanujan attained a unification of
these theories and two useful concepts emerged: A-nuclearity and pseudo-A-nucle-
arity. It is the purpose of this paper to show that for a large class of sequence
spaces A, there is a natural equivalence of A\-nuclearity with an appropriate pseudo-
u-nuclearity.

In the first section, we give all relevant.definitions and notation. §2 con-
tains the central equivalence theorem and demonstrates its relationship to the
preceding work of Dubinsky and Ramanujan in [6], and of the author in [14].
§3 contains applications to Kothe spaces with regular bases, and a very general
Grothendieck-Pietsch criterion is obtained.

In the fourth section, various inclusion theorems are given. In particular, it
is shown that for any nuclear Kothe space A, any space A(P) which is A-nuclear
must be (s)-nuclear. §5 contains examples which mark out the boundaries of the
theory for Kothe spaces.

1. Introduction. For general terminology on locally convex spaces we refer
to [7]. For any pair of sequences a and b, we shall write a « b for the
sequence whose nth term is a,b,. We say that a is dominated by b, denoted

Received by the editors August 27, 1973 and, in revised form, January 31, 1974.
AMS (MOS) subject classifications (1970). Primary 46A05, 46A15, 46A45, 47B10,

47D15. Copyright © 1975, American Mathematical Society

291



292 W. B. ROBINSON

a < b, if there exists M >0 such that la,| <M - |b,| forall n€EN. (N

~ denotes the collection of positive integers.) A sequence space \ is a vector space

of sequences which contains ¢ = {(z,): t, = 0 except for finitely many n € N}.

A sequence space A is said to be solid, or normal, if whenever b € X and

a <b then a €. The Kothe dual, A%, of a sequence space A is defined by
X ={(t,): Zp_, la,llt,] <+oo forall a €N} A is said to be perfect if

A =2**. We denote by I, the space of absolutely summable scalar sequences,

and by [, the space of bounded sequences. o denotes the collection of

sequences which converge to 0. For a sequence a and a sequence space A,

a-A={a-b:b€EAN}

A collection of sequences P is called a Kothe set if a >0 for all a €P,
if for each a, b €EP there exists ¢ €P such that a < ¢ and b < ¢, and if
foreach n €N there exists @ €P such that a, > 0. We define the locally
convex space A =A(®P) by A®)={t: |ltll,=Z It la, <+ forall a €P}.
and give A(P) the topology generated by the seminorms || ll,. It is easy to
check that A(P) is a complete locally convex space.

In particular, if P is countable and if for each a € P, a, >0 forall n,
we call A(P) a Kothe space. It is easy to check that we can assume that P =
{a*}r_, where 0<aX <gk*! forall k, n We then write A(P)=
Nyz=; (1/d*) - 1;. 1t is well known that APP)* = U, a* - I, and of course
each Kothe space is a Fréchet space, with the topology induced by the norms
I lle=11 J» k=1,2,+-. The space N (1/a*) - 1, is a Schwartz space
if and only 1f for all k there exists m such that a¥/a™ € ¢y, and is a nuclear
space if and only if for each k there exists m such that a*/a™ el ([3],
and [10, 6.1.5]).

Let o be a sequence such that 0<a, <a,,, forall n. We define the
power series space of infinite type, A (a), to be the Kothe space generated by

=k, The power series spaces of finite type, A (a), are the Kothe spaces
generated by a = ((k/(k + 1)) - p)*», p>0. Of partlcular importance is the
space (5) = A,(a) with a, =log (n + 1). (s) is called the space of rapidly
decreasing sequences.

The nth coordinate sequence e" is the sequence whose nth term is 1 and
whose other terms are 0. Then (e”) is an absolute basis for every sequence
space A(P), in the sense that if ¢ € A(P) then t = Zh— t,e”, and
Z = It,llle™l, < + oo forall a €EP. The sequence e has each coordinate
equal to 1.

We shall say that a Kothe space A is regular if A = (N (1/a%) - 1,, where
foreach k and n, a/a¥*! >ak,  /ak}l; ie., a¥/a**! is decreasing. We
then say that the matrix (a,'f) is regular.

A Kothe space A will be called a d,) spaceif A= N(@/a*)y - l,, where
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there exists k such that for all m there exists p such that (@™)*/(@* - aP) €
I, « \ will be called a (D,) spaceif A= N @/a*) - I, where the sequences
a® are such that (1) al =1 forall n, and (2) for each m there exists p
such that (@™)* <aP.

A Kothe space A will be called a (d,) space if A = (1(1/a¥) - I,, where
for each k there exists m such that for each p, (@* - aP)/@™)? €1, - A will
be called a (D,) space if A= N (1/a*) « 1 where the sequences a* are such
that (1) for each n, lim,_, af, =1, and (2) for each k there exists m such
that for each p, a* - a? < (@™)?.

The notions of regularity and (d,) and (d,) were first introduced by
Dragilev in [S], and Bessaga defined (D,) and (D,) spaces in [1]. Note that
here we follow Zaharjuta [16] and do not require regularity in the (d;) or (D)
conditions. Bessaga denotes regular matrices (a*) by (Dy). Every (d;) space
is a diagonal transform of a (D;) space [5].

Let A be a sequence space, and let £ and F be normed linear spaces
(nls.). We say that a linear map T: E — F is A-nuclear if there exists £ € A,
(@") bounded in E’ and (y") CF such that ((¥", b)) EX™ forall b EF;
and such that Tx = X, §,(x, a")y", for all x EE. We denote by N,(E, F)
the collection of A-nuclear maps from E to F.

Alinear map T from E to F will be called a pseudo-N\-nuclear map if
there exists £ €A, (") bounded in F, and (") bounded in E' such that
Tx = Z £,(x, a")y". We denote by JA\;,\(E, F) the collection of pseudo-\-nuclear
maps of E into F.

A-nuclear maps have been studied by Pietsch and Persson [11] in the case
when A=1,, 1<p <o Several authors have studied pseudo-A-nuclear mappings
under the name of A-nuclear mappings (cf. [2], [8], [13]). The term pseudo-A-
nuclearity was introduced in the Memoir of Dubinsky and Ramanujan, who also
proved that for all spaces A_(a) and forallnls. £ and F, N A,,(a)(E» F)=
Np _()(E F) [6, Theorem 1.1]. In [15] Terzioglu investigated pseudo-A-nu-
Elearity for certain spaces A = A(P). In [14], the equality of N, Al("‘)(E’ F) and
N Al(O‘)(E, F) was established for all nls. £ and F and for all nuclear spaces
A, (a).

Following [6] we say that a l.cs. E is (pseudo-A-nuclear) if for all barreled
O-neighborhoods U in E there exists a barreled O-neighborhood ¥V in E which
is absorbed by U and such that the canonical map E(V, U) is (pseudo)-A\-nuclear,
We shall denote the collection of A-nuclear spaces by N, and the collection of
pseudo-A-nuclear spaces by NA.

For a sequence £ and sequence spaces A and u such that & « A Cp,
we define the diagonal map from \ to u with diagonal ¢ by T.(m) = E-n
for all n € A. The collection of diagonal maps from A to u will be denoted by
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D\, p). If X and u are perfect then D\, ) = (A + u*)* [3, Proposition
1.2]. For a continuous linear map T from the nls. E to the nls. F we
define the nth approximation numbers of T by o, (T)=inf {IIT - All: 4 is
a finite rank map of E to F with dim A(F)<n}, for n=0,1,2,+°°,T
is said to be of type N if (a,_,(T);=; €N (cf. [10, Chapter 8]). The nth
diameter of T is defined by §,(T)=inf {6 > 0: TU)CéV +L, L asudb-
space of F, dimension L <»n, and U and V the unit balls of £ and F}.
Then Proposition (9.1.6) of [10] states that, forall n=0,1,2,*++, §,(T) <
a,(N<@+1)5,(T).

It is well known that if T,: I, — I, is a diagonal map with diagonalh
E€cy, then, forall n=1,2,**,0,_(T)=8,_,(T) =£, where £ is
the decreasing rearrangement of § as defined in [6, p. 8].

If A:1; — 1, is alinear map and if (4é', é) = a; forall i,j we say
that A isrepresented by (z;;) and write 4 ~ (a;).

Given two sequence spaces A; and A, we define the sequence space
A VA, by A VA ={t(,,)EN and (f,,_,) €N} Clearly A, V A,
is algebraically isomorphic to the cartesian product A; x A,

2. Fundamental results.

(2.1) THEOREM. Let A\ = N @1/a%y . Lyu=X- AX. Then, for all n.Ls.
E and F, N\(E, F)=N,E, F), and Ny =N,.

PROOF. Let Tx = X ,(x, a,)y,, with £ €N, (a,) bounded in E' and
(7,) € \*(F). Then by Lemma 1.3 of [6], {((¥,, b): bl =1, b EF'} is
bounded in T\, A*), and hence there exists a* such that |yl <a¥ for all
n. Then

Tx =3 £, 11y, IKx, a,09,/17,l,

and this is a pseudo-u-nuclear representation for F. Conversely if Tx =
Z £,(x, a,)y,, with §=§'<a¥ €N 2%, and (y,) €I (F), then Tx =
2 £l(x, a,)aky,, and @y,)eN*F). O

(22) CoroLLARY. If A= (N (1/a¥) + 1, is nuclear, then for all n.ls. E
and F, N\, F)=N, «(E, F).

ProOF. This follows from the fact that if (v,) CF andif (y,, b)), €A
forall b €F', then there exist b €\ such that |ly,ll <b, forall n (cf. [9,
p.270]). O

(2.3) REMARK. Observe that if A =A_(a) is nuclear then A * A* =A. Hence
Theorem (2.1) contains Theorem (1.1) of [6]. Alsoif A = A (@) is nuclear,
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then X « AX =A%, so Theorem (2.1) contains Theorem (2.4) of [14]. The
following propositions demonstrate the limits of the equalities A « AX =\ and
A A =2%

(2.4) ProrosITION. Let A= [\ (1/a%) + 1, be nuclear. X+ \* =2
ifand only if X\ is (D,).

PROOF. Suppose A+ A DX. Then I, CA* so 3k, De < a*°. More-
over,if A« AX CA, then AX C D(A, M), so for all &, a* € D(\, ). Hence
forall k¥ and m, there exists j such that @* - a™)/a’ €1, or a* - a™
<a/. Thus there exists a (D,) matrix (%) with A= () (1/6%)- 1,.

Conversely, if A = M (1/6%) - 1,, with (b¥)a (D,) matrix, then e €%,
so X * A% DA. Also, given b* then for all m there exist j such that % «
b™ <¥. Thusforall xENb* «x+b™ <% -b/ €I, so A-AXCA. O

(2.5) ProposiTION. Let = [V (1/a*) « I, be nuclear. Then A+ \X =
A if and only if the \ is (D,).

PROOF. We show that X * A* =A% if and only if (i) for all % there
exists m such that, forall j, a/ + a* <a™, and (ii) for all m, there exists j such
that a™/(@’)? €1_.

In fact we have A * A* DA* if and only if U,’," A QU",‘ «1,, if and
only if for all k there exists m with a¥/a™ € A, so that for all k there
exists m with (@%/a™)+a’ €1, forall j. Thus A+ AX DA* if and only if
(i) holds.

Now A+ AX CA* if and only if A C D(X, ), which is equivalent to
the statement that A * X CA. Hence A is an algebra, and we will apply the
Closed Graph Theorem to conclude that the mapping (x, y) —>x *y of A x
A — ) is continuous. Consider sequences (x*) and (%) in A such that
x!—x in X\ and y'—y in \. Then for all k,

e = p* = x + 3) - @Ml <Ux' - F =)l +lly - (6= x) - aFl

But given y and a¥, there exist j with ¥ - y < a’. Hence there exists
M>0 such that, forall i, lly * (x!-x) - a"u,l <M|(x* - x) - alu, — 0,
as i —> o0, Now we know that (x¥) is bounded in A, so that by Proposmon
(5) of [9] there exists ¥® €A with x?<y° for all i. Hence there exists
j' and M' >0 such that

Ix? - @f = ) - d¥ll, <W° - ¢ —p) - &*l, <MING' -y,
1 1 1

which goes to O as i approaches e. Thus x’+y’—> x « y, so multiplication
in \ is continuous. Hence for all m there exists k such that a™ < (*)?,
and (ii) holds.
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Conversely, given (ii) and x and y in A we see that forall m, x -y -
am=x-al-y-a - @m/@)?)€l 1, +1,Cl, sothat x - y EX. Thus
A+ A C A, so we have shown that (ii) e= A + AX CA%,

We must show next that conditions (i) and (ii) are equivalent to the statement
that A is (D,). If X is (D,), it is straightforward to check that (i) and (ii)
hold. In the other direction, we may assume without loss of generality that A =
M (1/a*) + 1, where for all m there exists j such that a™/(a’)> <e. Using
(i) and the nuclearity of A we see that for all k¥ there exists n; such that if
n>n,, then a¥ <1/2, with the n,’s chosen so that n, <n, ;. Now
define bk =1 if n<n, and d%¥ =af if n>n,. Then X = N(1/6%).-
l,, so XAis (D). O

(2.6) REMARK. Theorem (2.1) provides a method of reducing questions
involving A-nuclearity to questions involving pseudo-u-nuclearity. This is particu-
larly useful for obtaining inclusion theorems such as Theorem (3.3) and Theorem
(4.2) of the next sections. However it is of somewhat limited value in going
from pseudo-u-nuclearity to A-nuclearity. The natural problem which arises
is this: What Kothe spaces u arise in the solutions of the equalities A * A\ =p
or X+ A* =u*? The former implies that g« uX =X *AX DA *A) ="
AX =pu, sothat g must be a (D,) space by Proposition 2.4. Similarly the
latter equality implies that u * u* = p*, so that u must be a (D,) space by
Proposition (2.5).

Hence, for the spaces A,(a), 0 <p <<, there exists no space A such
that A+ AX =A (a) Thus it is an open question whether there exists a Kothe
space A for thch N Ape) = Ny

It should be observed that A *+ A* is always a normal space but is not in
general perfect. The existence of such a space \ is a deep result and appears
in [4].

3. Spaces with regular bases. In this section, we consider Kothe spaces A
which are regular, and develop the most general version of the Grothendieck-
Pietsch criterion for A-nuclearity of spaces A(P).

(.1) LemMa. If N ={\(1/a*)« I, is regular and nuclear and if t € \ + A%,
then (Z2, ), €N+ \%.

PROOF. Let S:1; — ¢, be the map given by S(?) = (22, t),.- We
must show that S(A * AX) CA « A*. For this it suffices-to show that S(a*\) -
ak\ forall k=1,2, ¢+, which is equivalent to the statement that for all %,
T k=1 °oSoT k()\) C \. Since the map in question is a matrix map, we have

only to show that for each m =k, there exists j such that
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Ir
sup _ (
n lle™ll;

ak)—l oSo Tak(e”)llm

<+ oo,

But T 4_1°Se T y(e") = I, @/ak)é, for n>1, so we need

% o
sup sup 2. < 4o
1<i<n gk
n i<n g} a{'
But if j=m, this becomes sup, ak/al + a/ak =1, by regularity of the

matrix (a:).
(32) LemMA. If \ is nuclear, A= X C M, 54 L,

PROOF. Let u =x *a¥ €\« A\*. By niclearity of A there exists m
such that a¥/a™ € 1,; and, by induction, for each p > 0 there exists m =
m(k, p) such that a*/a™ € l,. Hence, for each p, u=x - am - d¥/a" € L -
I,cl. O

(3.3) THEOREM. If A is a regular nuclear Kothe space then N, C Nesy-

PROOF. Let t €\ + \*. By Lemma (3.1), we see that (22, ), €
A+ A% so, by Lemma (3.2), £= (2, It), € ﬂp>o I,. But £ is decreas-
ing and thus belongs to (s) [10, 8.5.5, Lemma 2]. Since ¢t < ¢ and (5) is
normal, ¢ € (s). Thus A * AX C(5), and we immediately obtain the inclusion
relation Ny C N,y from Theorem (2.1). O

(34) REMARK. Theorem (2.2) of [16] states that if A[T,(A*)] = A
and if A(P) € N, then AP) EN, - Theorem (3.3) above is a strengthening of that
result for nuclear regular Kothe spaces A by showing that every A-nuclear space is
(s)-nuclear. In the next section we will give a version of this result valid for any
Kothe space A\ which is nuclear, not necessarily regular.

(35) TuEOREM. Let A= [(1(1/d*) * 1, be regular and nuclear. Let
TEN,(E, F) forany nls. E and F. Then (a,(T)), €\ A*. Conversely,
if TE LU, 1) andif (a,(T)) EX A\ then TEN,(,,1,).

PrROOF. Let TEN,(E, F), so T has the representation Tx =
g, @MY, EEN X, (d") bounded in £’ and (") bounded in F. Let
Tyx = I, £(x, a")y!. Then, forall N,

oy <IT-Tyl <  sup sup 2 gl Kx e Ky, Bl
Ixll=1;x€E Ibll=1;bEF' i=N+1

<(s1;p Ila'll) <suP Ily‘II> > (18

i i=N+1
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By Lemma (3.1) and the normality of A * A%, we see that (,(T)) €
A%

Now consider T € L(l,, ;) with (a,(T)) €\ A*. By the Sprectral
Representation Theorem (8.3.1 of [10]), there exist orthonormal systems (u")
and (") in I, suchthat Tx =2 _, a,(TXx, u")v", so T is pseudo-A ¢
A*-nuclear, hence A-nuclear by (2.1).

(3.6) THEOREM. Let \ be a regular and nuclear Kothe space. Then
E € N, if and only if for all barreled-O-neighborhoods U in E there exists a
barreled-O-neighborhood V in E such that (d,(V, U)) €\ + \*.

ProOOF. First, observe that if E € N,, then E is nuclear, so that E is
a projective limit of Hilbert spaces [10, 4.4.1]. Also for barreled-0-neighborhoods
U and V, we have d,(V, U)<a,(E, (V, U)) <(n+1)d,(V, U) [10, Propo-
sition 9.1.6]. Thus (a,(E(V, U))) EX * A* if and only if @, u)yenr- A%,
so applying (3.5) yields the result. O

(3.7) THEOREM (A GROTHENDIECK-PIETSCH CRITERION). Let \ bea
nuclear regular Kothe space. A space A(P) € N, if and only if, for all a €P,
there exists b € P such that a < b, and an injection w: N— N such that
a(N) = {n: a, # 0} and such that @n(uy/bpn))y €N * N*.

n(n

The proof is straightforward from Theorem (3.6). (Cf. [13] for a similar
result with A=A_(a)) O

Given the statement of (3.7), we can now define uniform-A\-nuclearity for any
nuclear, regular Kothe space. The original definition was given by Kothe [8] for
the space (s) and extended by Dubinsky and Ramanujan [6] to power series
space of infinite type. If A\ is a nuclear regular Kothe space, then we say that
the space A(P) is uniformly-A-nuclear if and only if there exists a permutation =
of N such that for each @ €P there exists b €P such that a < b and
@n(ny) € GBr(ny) * X * A*. We immediately obtain this theorem.

(38) THEOREM. Let A = (N (1/d%) - 1, be regular and nuclear and let
u= n (l/b") 1, beregular. Then p is \-nuclear if and only if u is uniformly-
\-nuclear.

PROOF. Let u be A-nuclear. By (3 7), for all k¥ thereexists m and a
permutation 7 of N such that &= (b (n)/b,,(n))e A+ A*. By applying
Theorem (3.5) to the map Ty: l; — Iy, we see that £€X * A* if and only
if its decreasing rearrangement 5 isin X * A*. But g = b*/b™ by the regu-
larity of (bﬁ). Hence u is A-nuclear if and only if for all k there exists m
such that b¥/b™ €\ + A*, so u is uniformly-A-nuclear. O
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(3.9) CorROLLARY. If A= N 1/a*) - 1, is regular and nuclear, then
NEN, ifandonly if \ is (d,).

ProoF. A € N, if and only if for each k there exists m such that
a¥/a™ € X + A%, which is equivalent to the condition that for each k there
exists m and p such that, for all g, a¥/a™ « aP/a% €1, and this is precisely

@).

(3.10) CorROLLARY. Let X = [ (1/a*) + 1, be regular and nuclear.
Then NE N, if N is (d,).

PrROOF. Observe that if A is (d,) then there exists k, such that
a0 . s (D,). Thus we may apply Theorem (2.20) of [6] to obtain the
result.

4. Inclusion theorems. It is of course obvious from Theorem 2.1 that if
A; and A, are Kothe spaces for which A; * A CXp * Ay then Ny C N, .
It is not hard to see that the converse fails. However it is possible to give some
results in the converse direction, and in special cases to give an equivalent state-
ment. We define the symmetric hull of a Kothe space X by H(A) = {t € w:
there is r € N and some injection 7 of N into N, with «(N) = {n: ¢, #0},
such that (#7(,)), €A ° A%

(4.1) TueoreM. Let Ny C Ny . where N, and )\, are Kothe spaces
with N, regular. Then H(X\;) C H(A,).

ProOOF. Let t€ H(}A;), so that there exists 7 EN and 7 such that
E= (7)) €A A Then T, €N, (4, 1), soif E = proj limy T,(,),
we have EE€EN, , and thus E€ N,\2 Hence there exists m € N such that
T)" =T ™) € N,\ (3, ;). But by Theorem (3.5), there exists an injection o
of N into N such that Eotnyn €N * AY. Thus t € HQ\,).

(4.2) THEOREM. Let N\, and M, be regular spaces which are d,, d,
or a product of d, and d, spaces. The following are equivalent.

(1) N 7‘1 _C_ Nx 2

(2 H(A) S HAY).

() IR VIR ol o VD T

PROOF. We have (1) ==(2) and (3) == (1) so it remains to show that
(2) = (3). For this, observe that if £ €A, « A{* then, from (2), (ty(,y) €
A, * A forsome r and m. But foreach t €A, * A}, there exists €A, *
Af.with & =& >+++>0, and £, > It,|. In fact, since ¢, — 0, we may
choose (n,) CN with n, <m,,, forall K, such that It,,kl = |t,1, for
n=m_y +1, ng=0. Let & =1t, | for my_, <n<m. Now tEX; * Af
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implies the existence of aP such that, for all m, ta™/aP €1,. Then, for all m,

m
snan a,';' a;,"k
sup = sup sup Itn I— = sup h‘ I—— < 4 oo
a k <n< k qp Rk gP ’
n n Rg_<n<ng n k ny

so EEA, A

Now we may assume ¢, ¢ 0. Using Theorem (3.5) we obtain the fact that
t" €1, * AY. But arguments similar to Lemma (2.10) of [6] and Lemma (3.2)
of [14] yield the fact that t €A, - )\;‘, which completes the proof. O

We now consider an arbitrary Kothe space A\ and a version of Theorem
(3.3). First we must characterize the diagonal maps T, € N\, 1,). Alinear
map A from I, to I, and anelement n €\ + A* will be said to form an
admissible pair, (A,n), for \, if A~ (bly}), (') abounded sequence in
I., (#)) abounded sequence in l;, with Z; njb{y,‘= 0 when i#k.

(4.3) LeMMA. T, €N,(l}, 1)) if and only if there exists an admissible
pair (A, n) for N such that &= Aq.

PROOF. Suppose that T, € N,(l;, /;). By Theorem 2, there exist n €
A+ A% and bounded sequences (') and (»') in I_ and l,, respectively,
such that for all x €1,

T,x = Zl (%, biyyl,
]=

Let A~ (/). Then, forall i and k, 8,% =(Tye',e*)=22  n;bly}.
Hence (4, n) is an admissible pair for X and An = £. Conversely, suppose
(4, ) is an admissible pair for A. Then there exist bounded sequences (/)
and (/) in I, and l,, respectively, such that A ~(b{ y{). Let £ = An,
so §€1,. Then T, € L(/}, ;) and forall k¥ and forall x €1,

.?n,-(x, i)yl =zj:.n,. (g,l x,-b{y£>

=2 x.-Zn,b{y{, = x5, = (Tyx, €*).
=1

Hence Tyx = Z; n;(x, b))yl for every x €1,, so that T, €N}, ).

(4.4) THEOREM. For any nuclear Kothe space \ and for any sequence
space A(P), AP)E N, only if AP)E Nes)-

ProOF. It suffices to show that if T, €N,(l,, 1), then T, ENy(,, 1))
which by the lemma is equivalent to the existence of an admissible pair (B, 7v)
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for (s) such that & = By. Since T, isin N,(/;, /}), we have an admissible
pair (4,7n) for X such that & = An, where 4 ~ (a{ y{) as in the definition
of admissible pair. If n €y, then n € (s) so (4, n) is in fact admissible for
(s). Thus we may assume that the set I = {j € N: 5. # 0} is infinite. Then there
exists a bijection of N onto I such thatif Sef =™ forall i, then
Sﬁ =7, where ?z is the decreasing rearrangement of 1. Let B=A4 * S.
Clearly Bﬁ =§, sowe must show that (B, 'ﬁ) is admissible for (s). By Lemma
(3.2), ne ﬂp>0 by SO nE () (cf. [10, 8.5.5]). Also Bel = A(e™()) =
a™ @ « y™; 5o that, for all i and k,
8,6i= 2 malyl = Lmalyl = 2 7,47 Pyrm,
JEN j€er nEN

Hence (B, 1‘5) is an admissible pair for A. O

(4.5) REMARK. Theorem (4.4) says that in particular, any nuclear Fréchet
space E with a basis which is A-nuclear must be (s)-nuclear. Thus the existence of a
Fréchet space E which is A-nuclear but not (s)-nuclear would yield a negative
answer to the basis problem in nuclear Fréchet spaces.

5. Examples. In this section, we give examples to show the invalidity of
some of the earlier results in the case when A has no regular basis. Where
possible we indicate the modification of the theorems which are necessary.

(5.1) In Lemma 3.2, and Theorem 3.3, we observed that X * X\ C(,54 /,
for any nuclear Kothe space A, and that if A is regular that A « A% C(s).

In general, A * A* need not be comparable to (s). It is straightforward to
check that

@ A-AX C(s) if and only if for all kX and j there exists m and
M>0 with lim, (2%/a™)!/'°8" < 1/j, and

@) A- )\x O(s) if and only if there exists k, such that, for all %,
hm (a"/a °)1/'°g" <+, Let @' =e and a¥*! = (x,)¥, where x,

1f n=2m? and x, = 2" otherwise.

Then A = n(l/a") I, has the property that A + A* is not comparable
to (s). However, from Theorem (4.4), we know that any space A(P) which is
A-nuclear is also (s)-nuclear.

(5.2) In Theorem (3.5), we proved that if T € N,(E, F) with X regular
and nuclear, then (e, (7)) €A * A*. This result is the key to obtaining a
Grothendieck-Pietsch criterion. Consider the space A = A,;(@) V A (a),a, =n.
Then A has no regular basis [S] and if £,,_, = (%)" and &,, =0 forall
n, then §EX* N =A,@* V A.(@). But £ &2+ 2%, so the map
T,: 1, — 1, is A-nuclear, but (“n(TE)) & \ - A*. However, there is a permu-
tation of (a,,(Ts)) which is in A * A\*. The existence of this permutation in all
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cases would allow us to state the Grothendieck-Pietsch criterion in a more general
setting than in (3.7). In fact, one can obtain the following.

(53) THEOREM. Let A=A, V \,, A, and N, Kothe spaces with A,
regular. Suppose that \; * A\ CX, * NS, and N, is stable (ie., Ay =\, V
\,). Then A(P)E N, ifand only if for all a € P there exists b € P, with
a < b, and a permutation of the nonzero terms of a/b which belongs to
A%

PROOF. We again consider the map S: 1, — ¢, given by Se/ = ZiZ! €.
If BEXQX, then BEQR,; * A]) V (A, * A]) CA, * A, Thus we have
SBEN, * XY, as was shown in Lemma (3.1). We claim that a permutation of
SBEN - A*. We assume that B, =0, so that SB is decreasing. Now for any
decreasing sequence n in A, < Ay, we can find (1)) such that n;>2n;,,
and M, <a}/a,i for all j.

Let Y2j—1 =Ny, and 7, i = Mmjs where m; is the jth term of
N\{mYg=y. Then (vy;_,); <a'+ (1/a)) €N« \}. Also m;>j implies
that n,, < forall j, so (y,) €A, * AY. Thus y €X + A%, and since 7
is a permutation of 1 we have established the claim.

Now we apply the arguments of (3.5) and (3.7) to finish the proof. O

(5.4) As a consequence of (3.1), we obtain the fact that if A is a regular
and nuclear Kothe space and if £ € X « A%, then there existsamap TEM,(,,1,)
such that @, (T)=ZZ, ., I§l, forall n=0,1,2,¢+°. In fact if
M = Zizps & foreach n, then n €N« 2* sothat T, €Ny(ly, 1), and
an(Tn)=nn, for n=1,,2¢°°-. )

Problem. Does there exist a nuclear Kothe space A for which the above
remark fails?
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